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a b s t r a c t
We give a survey of results and problems concerning various
notions of amenability in Banach algebras. We also provide
different characterizations of these notions of amenability and
the relationship that exists between them and some important
properties of the algebra.
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1. Introduction
This article is a survey of the amenability (various notions of amenability) results around
the general Banach algebras and Banach algebras in different classes which are known to the
author.
The systematic study of the notion of amenability has its origin in the beginning of the modern
measure theory in the earlier part of the twentieth century. Hausdorff [37] posed the following
question: Does there exist a finitely additive set function which is invariant under certain group
action? With the help of his paradox, Hausdorff was able to answer this question in the negative.
Further investigation into this question led Banach and Tarski in [4] to the paradox that now carries
the name Banach–Tarski paradox.
The Banach–Tarski paradox is a mathematical theorem which implies the following: ‘‘An orange
can be cut finitely into many pieces, and these can be reassembled to yield two oranges of the same
size as the original one’’.
This is an application of the Banach–Tarski paradox, whose strongest form is: let A and B be any
two bounded sets in three-dimensional space with non-empty interior. Then there is a partition of A
into finitely many sets which can be reassembled to yield B.
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The proof of the Banach–Tarski paradox rests on the following two pillars:
1. the axiom of choice, and
2. the fact that the free group with two generators lack a property called amenability.
Amenable (discrete) groups were first considered by Neumann in [71] under a different name. The
first person to use the adjective ‘‘amenable’’ wasDay see [19]. IfG is a locally compact group, then (left)
Haarmeasurem induces a left translation invariant continuous positive linear functional on L1(G), the
space of m integrable functions. There is no such translation invariant linear functional on L∞(G), or
on several other large spaces of bounded functions for most locally compact groups G. The groups for
which there is such a positive invariant mean were called amenable by Day in [19].
The concept of amenability originated from the measure theoretic problems, it moves from there
to abstract harmonic analysis where amenable locally compact groups were considered. A locally
compact group G is called amenable if it possesses a translation invariant mean. That is, if there is
a linear functional µ : L∞(G)→ C satisfying
µ(1) = ‖µ‖ = 1 and µ(δx ∗ f ) = µ(f ), (x ∈ G, f ∈ L∞(G)).
As a consequence of Banach and Tarski’s theorem [4], a discrete group being amenable is the same
as not being paradoxical. Amenability ventured from abstract harmonic analysis into the theory of
Banach algebras. For further details, see [64,59].
In this surveyed article, we are primarily interested in the Banach algebraic aspects of amenability.
The groundwork for amenability of Banach algebras was laid by Johnson in [41], and ever since
its introduction, the concept of amenability has occupied an important place in research in Banach
algebras.
In his now classic memoir [41], Johnson, initiated the theory of amenable Banach algebras. The
choice of terminology is motivated by Theorem 2.5 of [41], where he showed that a locally compact
group G is amenable if and only if its group algebra L1(G) is amenable. This is equivalent to saying
that L1(G) has vanishing first order Hochschild cohomology with coefficients in dual Banach L1(G)-
bimodules. Consequently, he called Banach algebras satisfying this cohomological triviality condition
amenable.
A Banach algebra A is amenable if every continuous derivationD : A → X ′ is inner for every Banach
A-bimoduleX . In particular, ifG is a locally compact group then L1(G) is amenable (as a Banach algebra)
if and only if G is amenable as a topological group [41].
It has been realized that in many instances amenability is too restrictive (that is, the definition
of an amenable Banach algebra is too strong enough to allow for the development of a rich general
theory, but too weak enough to include a variety of interesting examples) and may be thought of as
being, in some ways, a kind of finiteness condition of a Banach algebra. For instance, a group algebra
L1(G) is amenable if and only if the locally compact group G is amenable and many theorems valid
for finite groups have generalizations to amenable groups but to no larger class (e.g. a locally compact
group G is finite if and only if every closed cofinite ideal of L1(G) has an identity, but is amenable if and
only if each such ideal has a bounded approximate identity). This equivalence is the origin of the term
amenability for Banach algebra, also for finite-dimensional Banach algebras, amenability is equivalent
to semi-simplicity.
For this reason by relaxing some of the constraints in the definition of amenability via
1. restricting the class of bimodules in question (e.g. weak amenability, ideal amenability);
2. relaxing the structure of the derivations themselves (e.g. approximate amenability);
3. combination of (1) and (2) (e.g. approximate weak amenability),
various notions of amenability have been introduced in the recent years. Most notable are the notions
of
1. weak amenability, [2,43];
2. operator amenability (i.e. the notion of amenability in the category of operator spaces) [61];
3. n-weak amenability and permanently weak amenability [14,48];
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4. Connes amenability, a notion of amenability that make sense for dual Banach algebras and for von
Neumann algebras due to the fact, it takes the dual space structure of the von Neumann algebras
and thew∗-topology on dual Banach algebras into consideration [46,38,65,63];
5. approximate amenability [26,28,17];
6. pseudo-amenability [30,10];
7. ideal amenability [32,52,51] and
8. (σ , τ )-amenability [57,8,54].
The purpose of this note is to give an overview of what has been done so far on amenability and
various notions of amenability and raise some problems.
2. Amenability and weak amenability
2.1. Preliminaries and definitions
First, we recall some standard notions; for further details, see [13].
Let A be an algebra. Let X be an A-bimodule. A derivation from A to X is a linear map D : A → X
such that
D(ab) = Da · b+ a · Db (a, b ∈ A).
For example, δx : a → a · x− x · a is a derivation; derivations of this form are the inner derivations.
Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach A-bimodule if X is a
Banach space and if there is a constant k > 0 such that
‖a · x‖ ≤ k ‖a ‖ ‖x‖ , ‖x · a‖ ≤ k ‖a ‖ ‖x‖ (a ∈ A, x ∈ X).
By renorming X , we may suppose that k = 1. For example, A itself is Banach A-bimodule, and X ′, the
dual space of a Banach A-bimodule X , is a Banach A-bimodule with respect to the module operations
defined by
⟨x, a · λ⟩ = ⟨x · a, λ⟩, ⟨x, λ · a⟩ = ⟨a · x, λ⟩ (x ∈ X)
for a ∈ A and λ ∈ X ′; we say that X ′ is the dual module of X . Successively, the duals X (n) are Banach
A-bimodules; in particular A(n) is a Banach A-bimodule for each n ∈ N. We take X (0) = X .
Let A be a Banach algebra, and let X be a Banach A-bimodule. Then Z 1(A, X) is the space of all
continuous derivations from A into X,N 1(A, X) is the space of all inner derivations from A into X , and
the first cohomology group of Awith coefficients in X is the quotient space
H 1(A, X) = Z 1(A, X)/N 1(A, X).
The Banach algebra A is amenable if H 1(A, X ′) = {0} for each Banach A-bimodule X and weakly
amenable if H 1(A, A′) = {0}. For instance, the group algebra L1(G) of a locally compact group G is
alwaysweakly amenable [45], and is amenable if and only ifG is amenable in the classical sense (this is
a famous andmotivating theorem of Johnson) [41]. Also, a C∗-algebra is always weakly amenable [36]
and is amenable if and only if it is nuclear [11,36]. For example, C0(Ω) for any locally compact space
Ω and K(H) are amenable. But B(H) is not nuclear, so it is not amenable.
Let A be a Banach algebra. Then the projective tensor product A ⊗ˆ A is a Banach A-bimodule where
the multiplication is specified by
a · (b⊗ c) = ab⊗ c and (b⊗ c) · a = b⊗ ca (a, b, c ∈ A.)
We identify the dual space (A ⊗ˆ A)′ with BL(A, A), the space of bounded bilinear forms on A.
For example, let A = l1(G) the group algebra of discrete group G, then we have the following
identifications
A ⊗ˆ A = l1(G) ⊗ˆ l1(G) = l1(G× G), BL(A, A) = (A ⊗ˆ A)′ = l∞(G× G).
The product map and its dual are given by
πA : A ⊗ˆ A → A, a⊗ b → ab (a, b ∈ A),
π ′ : A′ → (A ⊗ˆ A)′ π ′(f )(a⊗ b) = f (ab) (f ∈ A′, a, b ∈ A).
π is clearly an A-bimodule homomorphism with respect to the above module structure on A ⊗ˆ A.
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2.2. Characterizations of amenable Banach algebras
We first recall the following definitions: let A be a Banach algebra.
1. A bounded approximate diagonal for A is a bounded net (mα) in A ⊗ˆ A such that
a ·mα −mα · a → 0 and aπA(mα)→ a (a ∈ A).
2. A virtual diagonal for A is an elementM ∈ (A ⊗ˆ A)′′ such that
a ·M = M · a and π ′′A (M)a = a (a ∈ A).
To confirm or rule out whether or not a given Banach algebra is amenable, it is often difficult to use
the above definition of amenability. There is, however, a more intrinsic characterization of amenable
Banach algebra given by Johnson [40]:
Theorem 2.2.1. Let A be a Banach algebra. Then the following are equivalent:
1. A is amenable
2. A has a bounded approximate diagonal
3. A has a virtual diagonal.
Let X, Y and Z be Banach A-bimodules and f : X → Y , g : Y → Z be Banach A-module homomor-
phisms, we recall that the sequence−
: 0→ X → Y → Z → 0
is exact if f is one-to-one, Img = Z and Imf = Kerg. The exact sequence∑ is admissible if there is a
bounded linear map F : Y → X such that Ff = IX . The exact sequence∑ splits if there is a Banach
A-module homomorphism F : Y → X such that Ff = IX . In [12], Curtis and Loy gave the characterization
of amenability in terms of the splitting of Π ′ and in terms of the splitting of an admissible sequence−
: 0→ X ′ → Y → Z → 0
where
Π : 0→ K → A ⊗ˆ A → A → 0
and its dual
Π ′ : 0→ A′ → (A ⊗ˆ A)′ → K ′ → 0
where
i : K → A ⊗ˆ A, πA : A ⊗ˆ A → A.
Their results are as follows:
Theorem 2.2.2. The Banach algebra A is amenable if and only if
1. A has a bounded approximate identity and
2. the exact sequenceΠ ′ of A-bimodules splits.
Theorem 2.2.3. Let A be an amenable Banach algebra, and let∑ : 0→ X ′ → Y → Z → 0 be an admissible short exact sequence of left or right Banach A-modules
with X ′ a dual Banach A-module. Then
∑
splits.
There is an intimate relationship between the amenability of a Banach algebra and the injectivity of
its modules. For instance, if A is an amenable Banach algebra, then all its dual Banach left A-modules
are injective. Sometimes one wants to know the converse: If the left A-module X is injective, does this
imply the amenability of A?
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2.3. Hereditary properties of amenable Banach algebras
Amenability for Banach algebras has nice hereditary, stability and useful properties:
Proposition 2.3.1. Let A be a Banach algebra.
1. If A is amenable, B is another Banach algebra, and ϕ : A → B is a continuous homomorphism with
dense range, then B is amenable. In particular, A/I is amenable for every closed ideal I of A.
2. If I is a closed ideal of A such that both I and A/I are amenable, then A is amenable.
3. If A is amenable and B is also an amenable Banach algebra, then A ⊗ˆ B is amenable
4. A is amenable if and only if A♯ is amenable.
5. Each amenable Banach algebra has a bounded approximate identity.
The hereditary properties (1)–(3), and the other two results (4) and (5) are due to Johnson [41].
For the Proofs of (2)–(5), see [13,64].
Proof of (1): By using Theorem 2.2.1, since A is amenable, then A has a bounded approximate
diagonal (mα). Clearly ((ϕ ⊗ ϕ)mα) is a bounded approximate diagonal for B and so B is amenable.
Clearly, ϕ : A → A/I is a continuous homomorphism with dense range, and so A/I is amenable.
Theorem 2.3.2. Let A be an amenable Banach algebra, and let I be a closed ideal of A. Then the following
are equivalent:
1. I is amenable.
2. I has a bounded approximate identity.
3. I is weakly complemented (that is, its annihilator I⊥ in A′ is complemented in A′).
Proof. See [64] for proof. 
Since ideals with finite dimension or codimension are complemented, we have:
Corollary 2.3.3. Let A be an amenable Banach algebra, and let I be a closed ideal of Awith finite dimension
or codimension. Then I is amenable.
2.4. Contractible Banach algebras
The Banach algebra A is contractible if H 1(A, X) = {0} for each Banach A-bimodule X . Certainly,
every contractible Banach algebra is amenable. Many of the basic results for amenable Banach
algebras have analogues for contractible Banach algebras. The examples of known contractible Banach
algebras is quite limited; the only known examples are semi-simple and finite dimensional. For details
see [64,62].
We recall that an elementM ∈ A ⊗ˆ A is called a diagonal for A if
a · π(M) = a = π(M) · a and a ·M = M · a (a ∈ A).
We have the following basic results on contractible Banach algebras (see [64,62]):
Theorem 2.4.1. Let A be a Banach algebra.
1. A is contractible if and only if it has a diagonal.
2. If A is contractible, then it is unital.
It is easily seen that a full matrix algebraMn of n × n complex matrices has a diagonal and thus
contractible by Theorem 2.4.1(1).
Contractible Banach algebras have the following hereditary properties similar to that of
amenability [64]:
Proposition 2.4.2. Let A be a Banach algebra.
1. If A is contractible, B is another Banach algebra, and ϕ : A → B is a continuous homomorphism with
dense range, then B is contractible.
2. If I is a closed ideal of A such that both I and A/I are contractible, then A is contractible.
3. If A is contractible and B is also a contractible Banach algebra, then A ⊗ˆ B is contractible.
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Proof. The proofs of (1) and (2) are similar to Proposition 2.3.1(1) and (2).
For the proof of (3): Since A and B are contractible, there exist diagonals MA and MB of A and B
respectively. This is easy to check that MA ⊗ MB in (A ⊗ˆ A) ⊗ˆ (B ⊗ˆ B) ∼= (A ⊗ˆ B) ⊗ˆ (A ⊗ˆ B) is a
diagonal of A ⊗ˆ A. 
Theorem 2.4.3. Let A be a Banach algebra, and let I be a closed ideal of A. Then the following are
equivalent:
1. I is contractible.
2. I has an identity.
3. I is complemented in A.
Selivanov in [68], see also [69], gave the following results about contractible C∗-algebras and L1(G):
Theorem 2.4.4. 1. Let G be a locally compact group, then L1(G) is contractible if and only if G is finite.
2. Let A be a C∗-algebra. The following are equivalent:
(a) A is finite dimensional
(b) A is contractible
(c) A is semi-simple.
From Theorem 2.4.4, it follows that:
Corollary 2.4.5. A C∗-algebra is contractible if and only if it is topological *-isomorphic to the direct sum
of a finite number of full matrix algebras.
Characterizations of contractibility in terms of the splitting of an admissible short exact similar to
that of amenability in Theorems 2.2.2 and 2.2.3 can be seen [64].
Remark 2.4.6. The hereditary and some other useful properties of contractible Banach algebras seem
to be as nice as those for amenability. For example, amenability passes to closures of homomorphic
images for general Banach algebras, the same is true for contractible Banach algebras. contractibility
is also stable under tensor product as that of amenability (see Propositions 2.3.1(3) and 2.4.2(3)). But
contractible Banach algebras are not much studied as those of other notions of amenability, due to
the lack of non-trivial examples of contractible Banach algebras; the only known examples are semi-
simple and finite dimensional.
2.5. Weakly amenable Banach algebras
Weak amenability was introduced by Bade et al. in [2] for commutative Banach algebras; A
commutative Banach algebra A is weakly amenable if the Hochschild cohomology H 1(A, X) with
coefficients in symmetricmodules vanishes. Since this definitionmakes no sense for noncommutative
Banach algebra, Johnson gave the definition of weak amenability in Section 2.1 above for general
Banach algebra.
The following theorem due to Johnson [43] and Haagerup [36], shows that weak amenability is
much weaker than amenability:
Theorem 2.5.1. 1. Let G be a locally compact group. Then L1(G) is weakly amenable.
2. Let A be a C∗-algebra. Then A is weakly amenable.
Let A2 = span{ab : a, b ∈ A}, we recall that A is essential if A2 = A (that is, A2 is dense in A). The next
result is basic and useful about weakly amenable Banach algebra. See [14], Proposition 1.3(i).
Proposition 2.5.2. Let A be a Banach algebra. Suppose A is weakly amenable, then A is essential and there
are no non-zero, continuous point derivations on A.
We have the following hereditary properties for weakly amenable Banach algebras:
Proposition 2.5.3. Let A be a Banach algebra.
1. Suppose A is commutative, B is another commutative Banach algebra and ϕ : A → B is a continuous
homomorphism with dense range. If A is weakly amenable, then so is B.
O.T. Mewomo / Expositiones Mathematicae 29 (2011) 283–299 289
2. If I is a closed ideal of A such that both I and A/I are weakly amenable. Then A is weakly amenable.
3. Suppose A is weakly amenable and I is a closed ideal in A. Then I is weakly amenable if and only if it is
essential.
4. If A isweakly amenable and B is also aweakly amenable Banach algebra, thenA ⊗ˆB isweakly amenable.
(1), (3) and (4) are due to Gronbaek [33], for (2), see [13].
Remark 2.5.4. Thehereditary properties forweak amenability are not as nice as those for amenability.
For example, amenability passes to closures of homomorphic images for general Banach algebras,
while in the case of weak amenability, this is only true for commutative Banach algebras (see
Propositions 2.3.1(1) and 2.5.3(1)).
Gronbaek in [33], also gave the characterizations of weak amenability in terms of the splitting of
an admissible sequence similar to that given by Curtis and Loy in Theorems 2.2.2 and 2.2.3 for
amenability. For detail, see [34].
3. Approximate and pseudo-amenability
3.1. Preliminaries and definitions
The amenability of a Banach algebra implies the existence of a bounded approximate identity,
however Ghahramani et al. have introduced other notions of ‘‘amenability without boundedness’’,
these includes approximate and pseudo-amenability, which do not a priori imply the existence
of bounded approximate identities [26,30,10]. Let A be a Banach algebra and let X be a Banach
A-bimodule. A derivation D : A → X is approximately inner if there is a net (xα) in X such that
D(a) = lim
α
(a · xα − xα · a) (a ∈ A),
the limit being taken in (X, ‖.‖). The Banach algebra A is
1. approximately contractible if, for each Banach A-bimodule X , every continuous derivation D : A →
X is approximately inner.
2. approximately weakly amenable if every continuous derivation D : A → A′ is approximately inner.
3. approximately amenable if, for each Banach A-bimodule X , every continuous derivation D : A → X ′
is approximately inner.
Certainly every amenable Banach algebra is approximately amenable.
We also recall from [26] that a Banach algebra A is
1. pseudo-amenable if there is a net (mα) ⊂ A ⊗ˆ A, called an approximate diagonal for A, such that
a ·mα −mα · a → 0 and πA(mα) · a → a (a ∈ A)
2. pseudo-contractible if it has a central approximate diagonal, i.e. an approximate diagonal (mα)
satisfying a ·mα = mα · a for all a ∈ A and allmα .
3.2. Approximate amenability: hereditary properties and characterizations
We have the following hereditary properties for approximate amenable Banach algebras see [26]:
Proposition 3.2.1. Let A be a Banach algebra.
1. If A is approximately amenable, B is another Banach algebra, and ϕ : A → B is a continuous epimor-
phism, then B is approximately amenable.
2. If I is a closed ideal of A such that I is amenable and A/I is approximately amenable, then A is approx-
imately amenable.
3. If A is approximately amenable and I is a closed ideal in A, then A/I is approximately amenable.
4. If A is approximately amenable and has a bounded approximate identity, and B is an amenable Banach
algebra. Then A ⊗ˆ B is approximately amenable.
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Remark 3.2.2. We remark that this argument does not extend to the closure of a homomorphic image
as that of amenability.
In [26], Ghahramani and Loy gave the following characterizations of approximate amenability
of A.
Theorem 3.2.3. Let A be a Banach algebra. A is approximately amenable if and only if either of the
following equivalent conditions hold:
1. there is a net (Mv) ⊂ (A♯ ⊗ˆ A♯)′′ such that for each a ∈ A♯,
a ·Mv −Mv · a → 0 and π ′′(Mv)→ e;
2. there is a net (M ′v) ⊂ (A♯ ⊗ˆ A♯)′′ such that for each a ∈ A♯,
a ·M ′v −M ′v · a → 0 and π ′′(M ′v) = e.
Theorem 3.2.4. Suppose A is approximately amenable, and let−
: 0→ X ′ → Y → Z → 0
be an admissible short exact sequence of left A-module. Then
∑
approximately splits. That is, there is a net
Gv : Z → Y of right inverse maps to g such that
lim
v
(a · Gv − Gv · a) = 0 for all a ∈ A,
and a net Fv : Y → X ′ of left inverse maps to f such that
lim
v
(a · Fv − Fv · a) = 0 (a ∈ A).
Finally, in this subsection, we give the following results about approximate amenability, for proofs,
see [26].
Proposition 3.2.5. 1. Suppose that A is approximately amenable. Then A has a left and right approximate
identities. In particular A2 is dense in A.
2. A is approximately amenable if and only if A# is approximately amenable.
3. Suppose that (A′′,) is approximately amenable. Then A is approximately amenable.
3.3. Pseudo-amenability
We have the following hereditary properties for Pseudo-amenable Banach algebras see [26]:
Proposition 3.3.1. Let A be a Banach algebra. If A is pseudo-amenable, B is another Banach algebra, and
ϕ : A → B is a continuous epimorphism, then B is pseudo-amenable. In particular, the A/I is pseudo-
amenable for any closed ideal I of A.
Proof. If ϕ : A → B is continuous epimorphism, then ϕ⊗ ϕ : A ⊗ˆ A → B ⊗ˆ Bmaps any approximate
diagonal for A to an approximate diagonal for B, hence B is pseudo-amenable. 
The above proof is due to Ghahramani and Zhang in [30].
Below are also known results about Pseudo-amenability see [30,10] for more.
Proposition 3.3.2. 1. Suppose A′′ is pseudo-amenable. Then A pseudo-amenable.
2. A is approximately amenable iff A♯ is pseudo-amenable.
There aremany pseudo-amenable Banach algebraswhich are not approximately amenable, but if A
has a bounded approximate identity, then the two are equivalent [30]. This is stated in the next result.
Theorem 3.3.3. Let A be a Banach algebra. If A has a bounded approximate identity, then it is
approximately amenable if and only if it is pseudo-amenable.
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The notions of approximate and pseudo-amenability are well studied over Fourier algebras, Segal
subalgebras of L1(G), certain l1-semigroup algebras and Banach sequence algebras (see [17,3,25]). It
will be very interesting to investigate further, these notions of amenability for other classes of Banach
algebra such as uniform algebras, C∗-algebras, A(X) and K(X).
It seems that the following questions are still open:
1. Does every approximately amenable Banach algebra have a bounded approximate identity?
At present, there is no known example of an approximately amenable Banach algebra without a
bounded approximate identity.
2. Does approximate amenability imply pseudo-amenability?
This is true if the algebra has a central approximate identity. In particular, if the algebra is abelian.
3. When does a two-sided closed ideal of a pseudo-amenable Banach algebra have a two-sided
approximate identity?
4. Is an approximately amenable uniform algebra trivial? Recall that a uniform algebra A is trivial if
A = C(Ω), where C(Ω) is the algebra of all continuous complex-valued functions onΩ .
5. When is A(X) or K(X) approximately amenable?
6. If A and B are both approximately amenable, is A⊕ B approximately amenable?
7. If A and B are both approximately amenable (respectively, pseudo-amenable), is A ⊕ B
approximately amenable (respectively, pseudo-amenable)?
For further details on unsolved problems on approximate and pseudo-amenability for Banach
algebras, see [73].
4. Other notions of amenability
4.1. n-weak amenability
In [14], Dales et al. introduced the concept of n-weak amenability for Banach algebras for n ∈ N.
They determined some relations between m- and n-weak amenability for general Banach algebras
and for Banach algebras in various classes, and proved that, for each n ∈ N, (n+2)-weak amenability
always implies n-weak amenability.
We recall from [14] that a Banach algebra A is n-weakly amenable for n ∈ N ifH 1(A, A(n)) = {0},
and A is permanently weakly amenable if it is n-weakly amenable for each n ∈ N. For instance, each
C∗-algebra is permanently weakly amenable [14, Theorem 2.1]. Also, each group algebra is n-weakly
amenable whenever n is odd.
Let A be a weakly amenable Banach algebra. Then it is also proved in [14] that in the case where A
is an ideal in its second dual (A′′,), A is necessarily (2m− 1)-weakly amenable for eachm ∈ N. The
authors of [14] asked the following questions: (i) Is a weakly amenable Banach algebra necessarily
3-weakly amenable? (ii) Is a 2-weakly amenable Banach algebra necessarily 4-weakly amenable? A
counter-example resolving question (i) was given by Zhang in [72], see also [48] for partial answer to
(i), but it seems that question (ii) is still open.
It is also shown in [14, Corollary 5.4] that for certain Banach space E the Banach algebra N (E) of
nuclear operators on E is n-weakly amenable if and only if n is odd. Let L1(G) be the group algebra
of a locally compact group G. It is proved in [14, Theorem 4.1] that each group algebra is n-weakly
amenable whenever n is odd, and it is conjectured that L1(G) is n-weakly amenable for each n ∈ N;
this is truewhenever G is amenable, and it is truewhen G is a free group [45]. Mewomo in [49] studied
the n-weak amenability of the Rees semigroup algebras.
4.2. Ideal amenability
In [32], Gorgi and Yazdanpanah, introduced two notions of amenability for a Banach algebra A.
The two notions are the concepts of I-weak amenability and ideal amenability for Banach algebras,
where I is a closed ideal in A. We recall from [32] that a Banach algebra A as I-weakly amenable if
H 1(A, I ′) = {0} for a closed ideal I of A, and ideally amenable if it is I-weakly amenable for every
closed ideal I of A. Clearly, an amenable Banach algebra is ideally amenable and an ideally amenable
Banach algebra isweakly amenable. For example, everyC∗-algebra is ideally amenable and for infinite-
dimensional Hilbert space H, B(H) is ideally amenable.
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The authors in [32] related these concepts to weak amenability of Banach algebras, and showed
that ideal amenability is different from amenability and weak amenability. These authors posed the
following question: If A and B are ideally amenable Banach algebras, then is A ⊗ˆ B ideally amenable?
Mewomo in [51] provided a partial answer to this question by given conditions under which it is true







where A and B are Banach algebras and M is a Banach A, B-module, with respect to the ideal
amenability of A and B.
The following questions are also raised by the authors:
(a) Under what condition is the group algebra L1(G) is ideally amenable?
(b) If L1(G)′′ is ideally amenable, areM(G), L1(G) ideally amenable?
(c) If A′′ is ideally amenable, is A ideally amenable?
4.3. (ϕ, ψ)-weak amenability
In [8], Bodaghi et al. generalized the concept of weak amenability of Banach algebras to that of
(ϕ, ψ)-weak amenability. They determined the relations betweenweak amenability and (ϕ, ψ)-weak
amenability of a Banach algebra A.
Let A be a Banach algebra and let ϕ,ψ be continuous homomorphisms on A. As in [8], we consider
the following module actions on A,
a · x := ϕ(a)x, x · a := xψ(a) (a, x ∈ A).
The authors in [8] denote the above A-module by A(ϕ,ψ).
Let X be an A-module. A bounded linear mapping d : A → X is called a (ϕ, ψ)-derivation if
d(ab) = d(a) · ϕ(a)+ ψ(a) · d(b) (a, b ∈ A).
A bounded linear mapping d : A → X is called a (ϕ, ψ)-inner derivation if there exists x ∈ X such
that
d(a) = x · ϕ(a)− ψ(a) · x (a ∈ A).
Derivations of this form are studied in [55,56]. The authors in [8] defined A to be (ϕ, ψ)-weakly
amenable ifH1(A, (A(ϕ,ψ))′) = {0}.
Mewomo and Akinbo in [54] extended the notion of (ϕ, ψ)-weak amenability to that of (ϕ) − n-
weak amenability of Banach algebras.
Remark. The other notions of amenability discussed in this section are just being developed, there
are no much results on them to the best of our knowledge for now, as compared to other notions of
amenability discussed in this article.
5. Relations between these notions of amenability and the algebras
A fruitful area of research in amenability has been to describe amenability (or some version of
amenability) of a Banach algebra in terms of the structure that the algebra sits on. The structures
that come to mind are: Banach spaces (algebra of operators), locally compact groups and semigroups
(convolution algebras, Fourier algebras), locally compact Hausdorff space (algebras of functions). In
the recent years, various authors have considered amenability (or some version of amenability) of
Banach algebras in terms of these structures that the algebra sit.
5.1. Algebras of operators on Banach space
A class of algebras where this philosophy is yet to be fully explored are the algebras of operators on
a Banach space, this is because, the relationship between amenability and other notions of amenability
of algebras of operators on a Banach space and the geometry of the Banach space is not completely
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understood. Johnson [41] asked whether B(X) could ever be amenable if X is an infinite-dimensional
Banach space. Runde in [66], recently showed that this is not true for the case X = lp.
The study of the amenability of Banach algebras A(X) of approximable operators and K(X) of
compact operators on a Banach space X was begun in [41], where it is shown that K(X) is amenable
if X is lp, 1 < p < ∞ or C[0, 1]. Relevant properties of Banach spaces, such as the approximation
properties are nowunderstood better thanwhen [41]waswritten and so the authors in [35]were able
tomakemore progress by showing that the amenability of A(X) is not equivalent to X or X ′ having the
bounded approximation property. They formulated a symmetrized approximation property, called
property (A), such that if X has property (A), then A(X) is amenable. In [7], Blanco and Gronbaek
continue the study of amenability of A(X) by giving a necessary and sufficient condition for the
amenability of A(X). They also developed new techniques to determinewhether or not a given Banach
space carries an amenable algebra of approximable operators. Using these techniques, they showed
that A(X) is not amenable for a Tsirelson’s space X .
Question: What are the infinite-dimensional Banach spaces X for which the Banach algebra B(X) is
amenable or not amenable?
Remark. (a) It is known that B(lp) is not amenable for 1 ≤ p ≤ ∞ (see [18]).
(b) Argyros and Haydon in [1] constructed a BanachL∞-space X such that B(X) = K(X)⊕ C. Result
in [35] shows that, for a BanachL-space X, K(X) is amenable, hence B(X) = K(X)⊕C is amenable
for such X .
Recently weak amenability has been investigated for algebras A(X). In [14], it is shown that A(X) is
weakly amenablewhenX = lp(Y )withY a reflexive Banach space having the approximationproperty,
or when X = E ⊕ Cp, where E is a Banach space with the bounded approximation property and Cp
denotes any of the universal spaces introduced by Johnson in [42]. In [5], Blanco introduced a technical
property of X , so-called trace unbounded triples, using this Blanco establishes weak amenability of
A(X) for a wide range of Banach spaces X . In [6] Blanco studied the weak amenability of A(X), and its
relationwith the bounded approximation property, he showed that bounded approximation property
is neither necessary nor sufficient for theweak amenability of A(X). Also, Mewomo in [50] studied the
weak amenability of A(T 2), where T 2 is the 2-convexified Tsirelson’s space.
In [34], Gronbaek gave a necessary condition for the weak amenability of A(X). He noted that A(X)
is weakly amenable only if the product map π : A(X) ⊗ˆ A(X)→ A(X) is onto. The question is: When
is the converse true? can we put condition(s) on X such that π : A(X) ⊗ˆ A(X)→ A(X) is onto imply
A(X) is weakly amenable?
Result in [35] shows that (xn) is a symmetric basis in X imply A(X) is weakly amenable, but
(xn) symmetric is too strong for the weak amenability of A(X).(xn) is symmetric imply (xn) is
unconditional, but (xn) is unconditional basis in X is not enough for the weak amenability of A(X).
The question then is: Can we get additional condition(s) with (xn) unconditional in X that will result
to the weak amenability of A(X)? In general, what are the intrinsic properties on the Banach space X
which is equivalent to the amenability (or weak amenability) of A(X) (or K(X))?
5.2. Group and measure algebras
Let G be a locally compact group. The group andmeasure convolution algebras of G, are denoted by
L1(G) and M(G), respectively. see [39], for details. We regard L1(G) as the ideal in M(G) of measures
which are absolutely continuous with respect to the Haar measure. The property of amenability for
groups is well known, see [58].
For group and measure algebras, L1(G),M(G), amenability, approximate amenability and pseudo-
amenability coincide. This follows from the following results of Johnson [41], Dales et al. [15],
Ghahramani and Loy [26], and Ghahramani and Zhang [30]:
Theorem 5.2.1. Let G be a locally compact group.
(a) The following are equivalent:
i. G is amenable
ii. L1(G) is amenable
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(b) M(G) is amenable if and only if G is discrete and amenable.
(a) is a famous result of Johnson [41] and (b) is due to Dales et al. [15].
Theorem 5.2.2. Let G be a locally compact group.
(a) L1(G) is approximately amenable if and only if G is amenable.
(b) M(G) is approximately amenable if and only if G is amenable.
This is due to Ghahramani and Loy [26].
Theorem 5.2.3. Let G be a locally compact group.
(a) L1(G) is pseudo-amenable if and only if G is amenable.
(b) M(G) is pseudo-amenable if and only if G is amenable.
This is due Ghahramani and Zhang [30].
In the case where G is non-discrete and abelian, it was shown by Brown and Moran [9], that there
is a non-zero, continuous point derivation onM(G), and soM(G) is not weakly amenable, and hence
not amenable. The next results on the weak amenability of L1(G) andM(G) are in [43,15].
Proposition 5.2.4. Let G be a local compact group. Then
(a) L1(G) is weakly amenable
(b) the following are equivalent:
i. M(G) is weakly amenable.
ii. G is discrete.
This shows that weak amenability is nicer in L1(G) than in M(G).
Finally in this subsection, we give known results on the amenability properties of the second dual
L1(G)′′ of the group algebra with relation to the structure of the algebras, (see [27,26,30]).
Theorem 5.2.5. Let G be a locally compact group. Then
(a) L1(G)′′ is amenable if and only if G is finite;
(b) if G is abelian and L1(G)′′ is weakly amenable, then G is discrete;
(c) L1(G)′′ is approximately amenable or pseudo-amenable if and only if G is finite.
5.3. Fourier algebras
Let G be a local compact group. If G is abelian with dual group Gˆ, the Fourier transformmaps L1(G)
onto a subalgebra of C0(Gˆ). It follows from Plancherel’s theorem that A(Gˆ) consists precisely of those
functions on Gˆwhich are the convolution product of two L2-functions. This was used by Eymard [22]
to define the Fourier algebra A(G).
Leptin [47] characterized the properties of G with respect to the Banach algebra A(G) by showing
that G is amenable if and only if A(G) has a bounded approximate identity. It then follows that, if A(G)
is amenable, then Gmust be amenable; the converse to this, later turns out to be false, when Johnson
in [44], showed that for the compact group G = SO(3), A(G) is not amenable.
Forrest and Runde in [24] gave the following characterization of the amenability of A(G):
Theorem 5.3.1. Let G be a locally compact group. The following are equivalent
(a) A(G) is amenable.
(b) G admits an abelian subgroup of finite index.
The next results are due to Ghahramani and Stokke [29].
Theorem 5.3.2. Let G be a locally compact group.
(a) If G is amenable and discrete, then A(G) is approximately amenable.
(b) If G is amenable and contains an open abelian subgroup, then A(G) is approximately amenable.
(c) If A(G) has an approximate identity and G contains an open abelian subgroup, then A(G) is pseudo-
amenable.
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We note that A(G) is not approximately amenable if G = F2, the free group on two generator, but
it is pseudo-amenable if G = F2, see [29,10].
For non-abelian groups, the question of weak amenability of A(G) is not solved in general. Forrest
showed that A(G) is weakly amenable if either G is totally disconnected or has an abelian connected
component. If G is an infinite compact connected Lie group, then A(G) is never weakly amenable,
see [23,24].
The question is: How do we characterize the approximately amenability and pseudo-amenability
for the Fourier algebra A(G)?
Since pseudo-amenability and approximate amenability both imply weak amenability for A(G),
then, answer to this question will shed more light on the investigation of weak amenability of A(G).
5.4. Segal algebras
Let A be a Banach algebra, we recall that a Segal algebra is a subspace B of A such that
(a) B is dense in A
(b) B is a left ideal of A
(c) B admits a norm ‖.‖B under which it is complete and a contractive A-module
(d) B is essential A-module; A · B is ‖.‖B-dense in B.
We further say that B is symmetric if it is also a contractive essential right A-module.
In the case A = L1(G), where G is a locally compact group, we write S1(G) instead of B and further
insist that
(e) S1(G) is closed under left translations; lxf ∈ S(G) for all x ∈ G and f ∈ S1(G) where lxf (y) =
f (x−1y) for y ∈ G.
Condition (c) on B = S1(G) is equivalent to (c)′ the map (x, f ) → lxf : G × S1(G) → S1(G) is
continuous with ‖lxf ‖S = ‖f ‖S for all x ∈ G and f ∈ S1(G).
Moreover, symmetry for S1(G) is equivalent to having that S1(G) is closed under right actions; rxf ∈
S1(G) for x ∈ G and f ∈ S1(G), where rxf (y) = f (y−1x) (y ∈ G), with the actions being continuous
and isometric. The symmetric Segal algebras include all Segal algebras on locally compact abelian
groups. For further information on Segal algebras see [60,67].
For the Segal algebra S1(G) on a locally compact group G, we have the following: (see [10,30,52])
(a) S1(G) is pseudo-amenable if and only if G is a compact group.
(b) If G is an amenable SIN-group, then S1(G) is pseudo-amenable.
(c) If S1(G) is pseudo-amenable, then G is amenable.
(d) Let G be an amenable group. Then every symmetric Segal algebra S1(G) on G is approximately
permanently ideally amenable.
The question is: When is the converse of (c) hold, (that is, is S1(G) pseudo-amenable when G is an
amenable group).
5.5. Semigroup algebras
Amenability and weak amenability of the semigroup algebra l1(S) have been widely investigated
in [20,21,16]. Recently, Dales, Lau and Strauss, characterized the amenability of the general l1(S) in
terms of the structure of the semigroup S.
Some known structural implications of amenability of l1(S) for an arbitrary semigroup S are given
below.
Theorem 5.5.1. Let S be a semigroup with ℓ 1(S) amenable. Then
(i) E(S) is finite [21, Theorem 2]
(ii) S is regular [21, Theorem 2]
(iii) ℓ 1(S) has an identity [16, Corollary 10.6].
We have the following result on approximate amenability of l1(S), due to Ghahramani and Zhang,
see [31].
Theorem 5.5.2. Let S be a semigroup.
(a) If l1(S) is approximately amenable, then S is regular and amenable.
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(b) For a Brandt semigroup S over a group Gwith an index set I, l1(S) is pseudo-amenable if G is amenable.
If the index set I is infinite, then l1(S) is not approximately amenable.
It is not known in general when the semigroup algebra l1(S) is approximately amenable; partial result
is given in [28, Theorem 9.2] as follows:
Theorem 5.5.3. Let S be a semigroup such that l1(S) is approximately amenable. Then
(a) S is regular
(b) S is amenable.
Thus we cannot determine when l1(S) is approximately amenable.
Mewomo and Akinbo in [53] showed that for S = Mo(G, P, I) a Rees matrix semigroup with zero
over an amenable group Gwith finite index I , the approximate amenability of l1(S) is equivalent to its
amenability.
Finally, for a semigroup algebra l1(S), we note that l1(S) is not approximately amenable for any
infinite set S. To see this:
Suppose l1(S) is approximately amenable. Since S is infinite, there exists a continuous epimorphism
ϕ : l1(S) → ℓ1(N), and so l1(N) is approximately amenable using Proposition 2.2 of [26]. This is a
contradiction because l1(N) does not have a left approximate identity, so by [26, Lemma 2.2], l1(N) is
not approximately amenable.
The question is: How do we characterize the approximately amenability and pseudo-amenability
of the semigroup algebras?
5.6. Uniform and C∗-algebras
LetΩ be a locally compact space, we recall that uniform algebras onΩ are closed subalgebras of
(Cb(Ω), |.|Ω), which separate strongly the points ofΩ , where |.|Ω is a uniformnorm onΩ . For details,
see [13].
We also recall that a Banach algebra A is biflat if π ′ : A′ → (A ⊗ˆ A)′ has a bounded left inverse
which is an A-bimodule morphism.
We have the following characterization of amenability, see [64]:
Theorem 5.6.1. A biflat Banach algebra A is amenable if and only if it has a bounded approximate identity
and if and only if A♯ is biflat.
It follows from Theorem 5.6.1 that every one-sided module over an amenable Banach algebra is
flat. The question is: Is the converse true, that is, is it true that, if every left module over A is flat, then
A is amenable?
Sheinberg showed that this is true for the case of uniform algebras, in his theorem characterizing
amenable uniform algebra, see [70].
Theorem 5.6.2. Let A be a uniform algebra.
(a) Then A = C(Ω) if and only if A is amenable.
(b) A is amenable if and only if it is self-adjoint.
The above result is due to Sheinberg [70].
On the weak amenability of the uniform algebra, Sheinberg in [70] posed the following question:
Suppose that a uniform algebra A is weakly amenable, does it follow that A = C0(Ω)?
On n-and permanent weak amenability of the uniform algebra, the following results are obtained
by Dales et al. in [14]:
Theorem 5.6.3. Let A be a uniform algebra, then A is 2n-weakly amenable.
Corollary 5.6.4. Let A be a uniform algebra. Then the following are equivalent:
(a) A is weakly amenable.
(b) A is permanently weakly amenable.
(c) A is (2k+ 1)-weakly amenable for some k ∈ N.
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Table 1
Relation between notions of amenability and the structure of the algebras.
Amenable W. amenable A. amenable P. amenable
L1(G) Iff G amen. l.c.g G Iff G amen. Iff G amen.
S1(G) (1) G amen.
M(G) (2) Iff G discrete (2) (2)
A(G) (3) (4) G ≠ F2 , (5) G = F2 , (6)
C∗-alg. Nuclear C∗ All C∗
l1(S) (7), (8), (9) (7), (8)
B(X) X ≠ l1
B(H) H ≠ infinite
K(X) X = lp ,(10)
A(X) (11) (12)
They conjectured that for a uniform algebra A ⊂ C(Ω), A is weakly amenable if and only if
A = C(Ω).
Let A be an algebra with involution. A C∗-norm on A is an algebra norm ‖.‖ on A such that
‖a∗a‖ = ‖a‖2 (a ∈ A).
If A is an algebra with involution and ‖.‖ is a C∗-norm on A, then the completion of Awith respect to
‖.‖ is a C∗-algebra.
We recall that a C∗-algebra is nuclear if there is only one C∗-norm on A⊗ B for every C∗-algebra B.
For details, see [64].
On the amenability of C∗-algebra, the following famous theorem is due to Haagerup in [36].
Theorem 5.6.5. For C∗-algebra A, the following are equivalent
(a) A is nuclear
(b) A is amenable.
It follows that for C∗-algebra, amenability is the same as nuclearity.
The following result is [64, Theorem 6.3.8]:
Theorem 5.6.6. Let A be a commutative C∗-algebra. Then A is nuclear.
It then follows that every commutative C∗-algebra is amenable.
Theorem 5.6.7. Every C∗-algebra is permanently weak amenable.
Corollary 5.6.8. Let H be an infinite-dimensional Hilbert space. Then B(H) is permanently weakly
amenable, but not amenable.
The above results are due to Dales et al.
We summarize the results in this section in Table 1, which gives some of the relation between
notions of amenability in the top row and the structure of the algebras in the first column. In the
table, we take p with 1 < p < ∞. The indication (1) means that the result never holds for any
Segal algebra S1(G), except for the trivial case L1(G) itself when G is amenable. The indication (2)
means that the result holds if and only if G is discrete and amenable. Thus, for Measure algebra,M(G),
amenability, approximate amenability and pseudo-amenability coincide and therefore single out the
locally compact group G, that are amenable. The same fact is true for the group algebra L1(G). The
indication (3) means that the result holds if G has an abelian subgroup of finite index. The indication
(4)means that the result holds if either G is totally disconnected or has abelian connected component.
The indication (5) means that the result holds if G is discrete and amenable. The indication (6) means
that the result holds if G is discrete and A(G) has an approximate identity. The indication (7) means
that the result holds if the semigroup S is amenable. The indication (8) means that the result holds if
the semigroup S is finite. The indication (9) means that the result holds if ES is finite, where ES is the
set of idempotents in S. The indication (10) means that the result holds if X = C[0, 1]. The indication
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(11) means that the result holds if X has property (A). The indication (12) means that result holds if
X = lp(Y ) with Y a reflexive Banach space having the approximation property, or when X = E ⊕ Cp,
where E is a Banach spacewith the bounded approximation property and Cp denotes any of the spaces
introduced by Johnson in [42].
6. Conclusion
The above survey of results and problems to some extent aims at producing a catalog listing which
of our known Banach algebras have the property of amenability in one of its version. It also provide
different characterizations of various notions of amenability and the relationship that exists between
important properties of the algebra and these notions of amenability. This survey serves as a reference
point for future research in the area of Banach algebra amenability.
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